Multiple technologies, possibly administered by different entities, are expected to coexist in the rapidly-expanding communications market. In order to understand the complex interactions between different technologies, it is of fundamental importance to understand how technologies affect the demand of users and competition between network service providers (NSPs).
INTRODUCTION
Tremendous efforts have been dedicated in the past decade to enhancing the quality-of-service (QoS) of communications networks and expanding their network capacities. Nevertheless, it is the joint consideration of prices and QoS that determines the demand of users and the revenue of network service providers (NSPs). Moreover, investment in technologies by NSPs affects QoS and in turn the pricing schemes Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. To copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior specific permission and/or a fee. In this paper, we are interested in studying the interaction between technologies, the subscription decisions of users, and the pricing strategies of NSPs. We focus on a duopoly market, in which NSP S1 has sufficient resources and provides a constant QoS to its subscribers while NSP S2 provides each user with a QoS that depends on the number of subscribers. In particular, to take into account the QoS degradation when more users subscribe, the QoS of NSP S2 is modeled as a non-increasing function in terms of the number of subscribers. Given the provided QoS and charged prices, users dynamically select the NSP that yields a higher (non-negative) utility. We first show that, for any prices, the considered user subscription dynamics always admits a unique equilibrium point, at which no user wishes to change its subscription decision. We next obtain a sufficient condition that the QoS functions need to fulfill to guarantee the convergence of the user subscription dynamics. The analysis indicates that in order for the dynamics of user subscriptions to converge, the QoS provided by NSP S2 should not degrade too fast when more users subscribe to S2. Then, we analyze the competition between the two NSPs. Specifically, modeled as a strategic player in a non-cooperative game, each NSP aims to maximize its own revenue by selecting its own market share while regarding the market share of its competitor as fixed. This is in sharp contrast with the existing related literature which typically studies price competition among NSPs. For the formulated market share competition game, we derive a sufficient condition on the QoS function that guarantees the existence of at least one pure Nash equilibrium (NE).
In summary, the main contributions of this paper are as follows: (i) we study how different QoS functions (hence, different technologies) affect the user subscription and market competition by assuming a general QoS model for NSP S2 and a general distribution of the users' valuations of the QoS. This is unlike most of the existing literature where linear QoS functions and a uniform distribution are assumed; (ii) we find a sufficient condition which the QoS provided by NSP S2 needs to fulfill in order to guarantee the convergence of the user subscription dynamics; and (iii) we analyze the competition between two NSPs choosing their market shares strategically and characterize QoS functions that ensure the existence of a NE of the market share competition game.
The rest of this paper is organized as follows. Section II describes the model. In Section III, we study the user subscription dynamics and NSP competition in a duopoly communications market. An illustrative example is provided in Section IV and related work is reviewed in V. Finally, concluding remarks are offered in Section VI.
SYSTEM MODEL
We consider a communications market in which two NSPs, denoted by S1 and S2, operate. There is a continuum of users, as in [6] , that can potentially subscribe to one of the NSPs for communications services. The continuum model approximates well the real user population if there are a sufficiently large number of users in the market so that each individual user is negligible [2] . As in [7] [11], we assume throughout this paper that each user can subscribe to at most one NSP at any time instant. We also assume that NSP S1 has sufficient resources to provide a guaranteed level of QoS to all of its subscribers [7] , whereas NSP S2 is resource-constrained and thus is prone to congestion among subscribers.
1 In other words, the QoS provided by NSP S1 is the same regardless of the number of its subscribers, whereas the QoS provided by NSP S2 degrades with the number of its subscribers [1] [2] . Let λi be the fraction of users subscribing to NSP Si for i = 1, 2. Then λ1 and λ2 satisfy λ1, λ2 ≥ 0 and λ1 + λ2 ≤ 1. Also, let qi be the QoS provided by NSP Si for i = 1, 2. Note that q1 is independent of λ1 while q2 is non-increasing in λ2. We use a function g(·) defined on [0, 1] to express the QoS provided by NSP S2 as q2 = g(λ2). For simplicity, we assume as in [4] that the cost of serving subscribers is fixed and smaller than the level that drives the NSPs out of the market so that we can use revenue maximization as the objective of the NSPs.
Users are heterogeneous in the sense that they may value the same level of QoS differently. Each user k is characterized by a non-negative real number α k , which represents its valuation of QoS. Specifically, when user k subscribes to NSP Si, its utility is given by
where pi is the subscription price charged by NSP Si, for i = 1, 2.
2 Users that do not subscribe to either of the two NSPs obtain zero utility. Note that in our model the NSPs are allowed to engage in neither QoS discrimination nor price 1 An example that fits into our assumptions on NSPs is a cognitive radio network in which NSP S1 is a licensed operator serving primary users while NSP S2 is a spectrum broker serving secondary users. Another example is a market in which NSP S1 serves each user using a dedicated channel while NSP S2 has its users share its limited resources or capacity [2] . 2 A similar quasilinear utility model has been used in [2] [7] [9] . discrimination. That is, all users subscribing to the same NSP receive the same QoS and pay the same subscription price [1] [7] . Now, we impose assumptions on the QoS function of NSP S2, user subscription decisions, and the users' valuation of QoS as follows.
Assumption 1: g(·) is a non-increasing and continuously differentiable 3 function, and 0 < g(λ2) < q1 for all λ2 ∈ [0, 1].
Assumption 2: Each user k subscribes to NSP Si if u k,i > u k,j and u k,i ≥ 0 for i, j ∈ {1, 2} and i = j. If u k,1 = u k,2 ≥ 0, user k subscribes to NSP S1. 4 
Assumption 3:
The users' valuation of QoS follows a probability distribution whose probability density function (PDF) f (·) is strictly positive and continuous on [0, β] for some
We briefly discuss the above three assumptions. Assumption 1 captures the congestion effects that users experience when subscribing to resource-constrained NSP S2 (e.g., traffic congestion in [2] [11]). The shape of the QoS function g(·) of NSP S2 is determined by various factors including the resource allocation scheme and the scheduling algorithm of NSP S2. Assumption 2 can be interpreted as a rational subscription decision. A rational user will subscribe to the NSP that provides a higher utility if at least one NSP provides a non-negative utility, and to neither NSP otherwise. Assumption 3 can be considered as an expression of user diversity in terms of the valuation of QoS. When the users' valuation of QoS is sufficiently diverse, its distribution can be described by a continuous positive PDF on a certain interval as in [2] . Note that the lower bound on the interval is set as zero to simplify the analysis, and this will be the case when there is enough diversity in the users' valuation of QoS so that there are non-subscribers for any positive price.
COMPETITION IN COMMUNICATIONS MARKET
In this section, we analyze user subscription dynamics and revenue maximization in a duopoly communications market where two competing NSPs S1 and S2 operate. We first analyze the equilibrium and convergence of user subscription dynamics, and then study revenue maximization in a scenario where the NSPs compete by choosing market shares.
User Subscription Dynamics
With the two NSPs operating in the market, each user has three possible choices at each time instant: subscribe to NSP S1, subscribe to NSP S2, and subscribe to neither. Since the QoS provided NSP S2 is varying with the fraction of its subscribers, 5 each user will form a belief, or expectation, on the QoS of NSP S2 when it makes a subscription decision. To describe the dynamics of user subscription, we construct and analyze a dynamic model which specifies how users form their beliefs and make decisions based on their beliefs. We consider a discrete-time model with time periods indexed t = 1, 2, . . .. At each period t, user k holds a belief or expectation on the QoS of NSP S2, denoted bỹ g k (λ t 2 ) where λ t 2 is the fraction of subscribers at period t, and makes a subscription decision in a myopic way to maximize its expected utility in the current period. 6 In particular, we specify that every user expects that the QoS in the current period is equal to that in the previous period. That is, we haveg k (λ
) for t = 1, 2, . . ., where λ 0 2 is the initial fraction of subscribers.
7 It is further assumed that, other than the subscription price, there is no cost involved in subscription decisions (e.g., initiation fees, termination fees, device prices) when users switch between NSP S1 and NSP S2 [6] . By Assumption 2, at period t = 1, 2 · · · , user k subscribes to NSP S1 if and only if
to NSP S2 if and only if
and to neither NSP if and only if
Our model implies that, given the prices (p1, p2), the user subscription dynamics in the duopoly market evolves following a sequence {(λ
), and by
), for t = 1, 2, . . ., starting from a given initial point (λ ). Given the user subscription dynamics (5)- (8), we are interested in whether the fraction of subscribers will stabilize 5 "Fraction of subscribers" of an NSP is used throughout this paper to mean the proportion of users in the market that subscribe to this NSP. 6 An example consistent with our subscription timing is a "Pay-As-You-Go" plan in which a subscribing user pays a fixed service charge for a unit of time (day, week, or month) and is free to quit its subscription at any time period, effective from the next time unit. 7 This model of belief formation is called naive or static expectations in [3] . A similar dynamic model of belief formation and decision making has been extensively adopted in the existing literature, e.g., [6] [7] [11] .
Definition 1:
is an equilibrium point of the user subscription dynamics in the duopoly market if it satisfies
We establish the existence and uniqueness of an equilibrium point and provide equations characterizing it in Proposition 1, whose proof can be found in [8] . For any non-negative price pair (p1, p2) , there exists a unique equilibrium point (λ * 1 , λ * 2 ) of the user subscription dynamics in the duopoly market. Moreover,
,
2 ). Proposition 1 indicates that, given any prices (p1, p2), the market shares of the two NSPs are uniquely determined when the fraction of users subscribing to each NSP no longer changes. It also shows that the structure of the equilibrium point depends on the relative values of p1/q1 and p2/g(0). Specifically, if the price per QoS of NSP S1 is always smaller than or equal to that of NSP S2, i.e., p1/q1 ≤ p2/g(0), then no users subscribe to NSP S2 at the equilibrium point. On the other hand, if NSP S2 offers a smaller price per QoS to its first subscriber than NSP S1 does, i.e., p1/q1 > p2/g(0), then both NSP S1 and NSP S2 may attract a positive fraction of subscribers.
Our equilibrium analysis so far guarantees the existence of a unique stable point of the user subscription dynamics in the duopoly market. However, it does not discuss whether the unique stable point will be eventually reached. To answer this question, we turn to the analysis of the convergence properties of the user subscription dynamics. The convergence of the user subscription dynamics is not always guaranteed, especially when the QoS provided by NSP S2 degrades rapidly with respect to the fraction of subscribers. As a hypothetical example, suppose that only a small fraction of users subscribe to NSP S2 at period t and each subscriber obtains a high QoS. In our model of belief formation, users expect that the QoS will remain high at period t + 1, and thus a large fraction of users subscribe at period t + 1, which will result in a low QoS at period t + 1. This in turn will induce a small fraction of subscribers at period t + 2. When the QoS of NSP S2 is very sensitive to the fraction of subscribers, the user subscription dynamics may oscillate around or diverge away from the equilibrium point and thus convergence may not be obtained. The following theorem, whose proof is deferred to [8] , provides a sufficient condition under which the user subscription dynamics always converges.
Theorem 1. For any non-negative price pair (p1, p2), the user subscription dynamics specified by (5)-(8) converges to the unique equilibrium point starting from any initial point
where
The condition (11) in Theorem 1 is sufficient but not necessary for the convergence of the user subscription dynamics. In particular, we observe through numerical simulations that in some cases the user subscription dynamics converges for a wide range of prices although the condition (11) is violated (see [8] for more details). Nevertheless, the sufficient condition provides us with the insight that if QoS degradation is too fast (i.e., −Kg (λ2)q1 is larger than g(λ2) · [q1 − g(λ2)] for some λ2 ∈ [0, 1]), the dynamics may oscillate or diverge.
Competition in a Duopoly Market
We now study steady-state (or equilibrium) revenue maximization and competition in the duopoly market. 8 In the economics literature, competition among a small number of firms has been analyzed using game theory, following largely two distinct approaches: Bertrand competition and Cournot competition. In Bertrand competition, firms choose prices independently while supplying quantities demanded at the chosen prices. On the other hand, in Cournot competition, firms choose quantities independently while prices are determined in the markets to equate demand with the chosen quantities. In the case of monopoly, whether the monopolist chooses the price or the quantity does not affect the outcome since there is a one-to-one relationship between the price and the quantity given a downward-sloping demand function. On the contrary, in the presence of strategic interaction, whether firms choose prices or quantities can affect the outcome significantly. For example, it is well-known that identical firms producing a homogeneous good obtain zero profit in the equilibrium of Bertrand competition while they obtain a positive profit in the equilibrium of Cournot competition, if they have a constant marginal cost of production and face a linear demand function.
Since the functions λ * i (p1, p2), i = 1, 2, are defined implicitly by (10) , it is difficult to study the competition between the two NSPs using a Bertrand game (interested readers are referred to [8] for more details). We now consider Cournot competition between the two NSPs. Let λi ∈ [0, 1] be the market share chosen by NSP Si, for i = 1, 2. Suppose that λ1 + λ2 ≤ 1 so that the chosen market shares are feasible. Let pi(λ1, λ2), i = 1, 2, be the prices that clear the market, i.e., the prices that satisfy λi = λ * i (p1(λ1, λ2), p2(λ1, λ2) ) for i = 1, 2. Note first that, given a price pair (p1, p2), if a user k subscribes to NSP S1, i.e., α k q1 − p1 ≥ α k g(λ2) − p2 and α k q1 − p1 ≥ 0, then all the users whose valuation of QoS is larger than α k also subscribe to NSP S1. Also, if a user k subscribes to one of the NSPs, i.e., max{α k q1 −p1, α k g(λ2)− p2} ≥ 0, then all the users whose valuation of QoS is larger than α k also subscribe to one of the NSPs. Therefore, realizing positive market shares λ1, λ2 > 0 requires two types of marginal users whose valuations of QoS are specified by αm,1 and αm,2 with αm,1 > αm,2. αm,1 is the valuation of QoS of a marginal user that is indifferent between subscribing to NSP S1 and NSP S2, while αm,2 is the valuation of QoS of a marginal user that is indifferent between subscribing to NSP S2 and neither. The expressions for αm,1 and αm,2 that realizes (λ1, λ2) such that λ1, λ2 > 0 and λ1 + λ2 ≤ 1 8 By focusing on equilibrium revenue, we implicitly assume that the unique equilibrium point is reached within a finite number of time periods.
are given by
Also, by solving the indifference conditions, αm,1q1 − p1 = αm,1g(λ2) − p2 and αm,2g(λ2) − p2 = 0, we obtain a unique price pair that realizes (λ1, λ2) such that λ1, λ2 > 0 and λ1
p2(λ1, λ2)
Note that the expressions (12)-(15) are still valid even when λi = 0 for some i = 1, 2, although uniqueness is no longer obtained. Hence, we can interpret pi(·), i = 1, 2, as a function defined on Λ (an inverse demand function in economics terminology). Then the revenue of Si when the NSPs choose (λ1, λ2) ∈ Λ is given by Ri(λ1, λ2) = λipi(λ1, λ2), for i = 1, 2. We define Ri(λ1, λ2) = 0, i = 1, 2, if λ1 + λ2 > 1, i.e., if the market shares chosen by the NSPs are infeasible. Cournot competition in the duopoly market can be formulated as a non-cooperative game specified by
A market share pair (λ * * 1 , λ * * 2 ) is said to be a (pure) NE of GC (or a Cournot equilibrium) if it satisfies
Note that (1, 1) is a NE of GC , which yields zero profit to both NSPs. To eliminate this inefficient and counterintuitive equilibrium, we can restrict the strategy space of each NSP to [0, 1). Deleting 1 from the strategy space can also be justified by noting that λi = 1 is a weakly dominated strategy for NSP Si,
2 . 9 We useGC to represent the Cournot competition game with the restricted strategy space [0, 1). The following lemma, the proof of which is available in [8] , bounds the market shares that solve the revenue maximization problem of each NSP, when the PDF of the users' valuation of QoS satisfies the non-increasing property.
Letλi(λ−i) be a market share that maximizes the revenue of NSP Si provided that NSP S−i chooses
Lemma 1 implies that, when the strategy space is specified as [0, 1) and f (·) satisfies the non-increasing property, strategies λi ∈ {0} ∪ (1/2, 1) is strictly dominated for i = 1, 2.
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Hence, if a NE (λ * * 1 , λ * * 2 ) ofGC exists, then it must satisfy (λ never uses a strictly dominated strategy, the set of NE ofGC is not affected by restricting the strategy space to [0, 1/2]. Based on the discussion so far, we can provide a sufficient condition on f (·) and g(·) that guarantees the existence of a NE ofGC . The proof can be found in [8] . We can interpret the conditions (18) and (19) as providing upper bounds for −g (λ2)/g(λ2) that are determined by f (·).
12 When the users' valuation of QoS is uniformly distributed, the conditions (18) and (19) coincide and reduce to g(λ2) + λ2g (λ2) ≥ 0, and thus we obtain the following corollary. Corollary 1 states that if the elasticity of the QoS provided by NSP S2 with respect to the fraction of its subscribers is no larger than 1 (i.e., −[g (λ2)λ2/g(λ2)] ≤ 1), the Cournot competition game with the strategy space [0, 1) has at least one NE. As mentioned before, this condition is analogous to the sufficient conditions for convergence in that it requires that the QoS provided by NSP S2 cannot degrade too fast with respect to the fraction of subscribers.
We briefly discuss an iterative process to reach a NE of the Cournot competition game. Theorem 2 is based on the fact that the Cournot competition game with the strategy space [0, 1/2] can be transformed to a supermodular game [10] when (18) and (19) are satisfied. It is known that the largest and the smallest NE of a supermodular game can be obtained by iterated strict dominance, which uses the best response. However, a detailed analysis of this process requires an explicit expression of the best response correspondence of each NSP, which is not readily available without specific assumptions on f (·) and g(·). Finally, we mention that the existence result of NE, although important in its own right, is only the first step toward understanding competition between the two NSPs. Subsequent issues, including the uniqueness of NE and the effects of f (·) and g(·) on NE, are left for our future work.
ILLUSTRATIVE EXAMPLE
In this section, we apply the analysis to an illustrative communications market with two NSPs. To facilitate the illustration, for NSP S2, we consider linearly-degrading QoS functions for NSP S2 [2] . In the considered example, we have q1 = 2, g(λ2) = 1 − cλ2 for λ2 ∈ [0, 1], where c ∈ [0, 1) is constant, and f (α) = 1 for α ∈ [0, 1]. Note that, for g(λ2) = 1 − cλ2, a larger value of the QoS degradation rate c means a worse technology in terms of QoS provisioning [2] .
The convergence of the considered user subscription dynamics is shown in Fig. 2(a) for a particular price pair. Starting from different initial points, Figs. 2(b) and 2(c) show the iterations of revenues and market shares, respectively, when both NSPs S1 and S2 update their market shares by using their best responses to the market share of the other NSP in the previous period.
13 Since the considered QoS function satisfies Corollary 1, the Cournot competition game with the strategy space [0, 1/2] can be transformed into a supermodular game and hence the best-response dynamics is known to converge to a pure NE [10] , as verified in Fig.  2(c) . It is interesting to see that all the iterations converge to the same point, suggesting that there exists a unique NE of the Cournot competition gameGC in the considered example. Moreover, Fig. 2(c) is consistent with Lemma 1 as the best-response market shares of both NSPs do not exceed 1/2. It can also be observed from Figs. 2(b) and 2(c) that if NSP S2 has a QoS function that degrades faster (shown in dashed lines), it obtains a smaller revenue, while NSP S1 obtains a higher revenue, although the QoS degradation rate c has only small impacts on market shares. This is because when NSP S2 has a QoS function that degrades faster, it tries to maintain its market share by lowering its price to compensate for a lower QoS. In this paper, we investigated the interaction between technologies, the subscription decisions of users, and the pricing strategies of NSPs in a duopoly communications market with two NSPs, each of which provides its subscribers with different levels of QoS. We constructed the dynamics of user subscription based on myopic updates, and showed that, for any prices, there exists a unique equilibrium point of the user subscription dynamics at which the number of subscribers to the two NSPs does not change. We also provided a sufficient condition on the QoS function of NSP S2 that ensures the global convergence of the user subscription dynamics. The analysis indicated that in order for the user subscription dynamics to converge, NSP S2 should select technologies in such a way that the provided QoS does not degrade too fast as more users subscribe. Then, we studied competition between the two revenue-maximizing NSPs, focusing on market share competition. We modeled the NSPs as strategic players in a non-cooperative game where each NSP aims to maximize its own revenue by choosing its market share. We obtained a sufficient condition that ensures the existence of at least one NE of the game. Finally, we illustrated our analysis with an example of a communications market, and showed that the QoS function influences the competition between the NSPs in such a way that the resource-constrained NSP S2 benefits from providing each subscriber with a higher QoS (i.e., better technology).
